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Abstract: If two circles are located in a plane in such a way, that one of them is
inscribed in a triangle, while the other one is circumscribed with respect to the same triangle,
then in case the triangle remains inscribed-circumscribed along its movement between the two
circles it is proved by complex numbers in a previous paper that Gergonne point of the
triangle describes a circle named Poncelet-Gergonne circle. It is proposed here another
approach to the proof using barycentric coordinates with respect to the moving triangle and
symmetric polynomials of three variables.
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1. Introduction. If two circles 7°(O,R) and w(J,r) are located in a plane in such a

way, that they are the circumcircle and the incircle of a triangle ABC, respectively, then the
triangle could move between the two circles remaining inscribed-circumscribed with respect
to /7 and @. In connection with the movement it is proved in [1] the following

Theorem. If G is Gergonne point of the moving triangle ABC between the circles
I" and o, then it describes a triangle k(G) with center P on the line OJ in such a way that

OP =M and the radius is ,0=M.
4R +r 4R +r
The circle k(G) from the theorem is named Poncelet-Gergonne circle. The theorem
itself is proved in [1] by means of complex numbers and applying the computational
capabilities of the computer program Maple when preliminary information for the basic
parameters of Poncelet-Gergonne circle k(G) are missing. The content of the theorem
includes the location of the center and the value of the radius of the circle k (G) which gives

us the possibility to apply another idea for its proof. Since the circle k(G) depends on the
circles /7 and @ only, we may consider a coordinate system, which is connected with the
triangle and moves together with it, while the final numerical result (the radius of the circle)
will not depend on the location of the triangle (it depends on the radii R and r of the fixed
circles /7 and @ only). For this reason we may consider barycentric coordinates with respect

to the moving triangle ABC , namely A(1,0,0) B(0,1,0) and C(0,0,1).
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If BC=a, CA=b and AB=c, the following equalities are satisfied for the
coordinates of the points J(X;,Y¥,,2;), O(Xo,Yo,25)> G(Xs» Ys.2s ) With respect to AABC:
_ (a—b+c)(a+b-c)
“(a-b+c)(a+b-c)+(a+b-c)(-a+b+c)+(-a+b+c)(a-b+c)’

) (a+b-c)(-a+b+c)

Xs

Yo = a—b+c)(atb-c)+(atb—c)(-a+b+c)+(-a+brc)a—brc)

. (—-a+b+c)(a-b+c)

¢ (a-b+c)(a+b-c)+(a+b—-c)(-a+b+c)+(-a+b+c)(a=b+c)’
(2) Xy = a > Y9 = b , Ly = . )

a+b+c a+b+c a+b+c

3) az(—a2+b2+c2) bz(az—b2+c2) cz(a2+b2—c2)
3 %o = 165> > Yo = 165> > fo = 165> ’
where
(4)

16S* =2b°c* +2c’a* +2a’b’ —a* -b*-c* =(a+b+c)(-a+b+c)(a-b+c)(a+b-c) [
What will be used in the proof of the theorem is the distance between the points
P (XP > Yps ZP) and G (XG Yoo Zg ) , expressed by the formula

(5) PG* = _(yG - yP)(ZG - Zp)a2 _(ZG - ZP)(XG - XP)bz _(XG - XP)(yG - yP)C2~
It could be noticed from the formulation of the theorem, that the vector equality
OP =k.OJ is satisfied, where dk :%. The following equalities are obtained for the
+
coordinates of the center P of the circle k(G):
(6) Xo =kx; +(1-k) %y, Yp =ky, +(1-K)y,, z, =kz, +(1-k) 7, ..

After substituting (1), (2), (3), (6) in (5) and executing corresponding calculations
with Maple we obtain the next result
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F
165252 (4R+1)*

(7) PG>

where
F=r2+4rR(~a+b+c)(a-b+c)(atb—c)n+16R*[(~a+b+c)a—b+c)(a+b-c)]' ¢

E=(a""+b"+c")-6(a’h+ab’ +b’c+hbc’ +c’a+ca’) +

+13(an? +a’b® +b’c? +b’c* +c*a’ +c%a’)-8(a’b’ +a’h’ +b’c’ +b’c’ +c’a* +c’a’) -
—14(a°b* +a*b® +b°c* +bc’ +ca* +c*a®) +28(a’h’ +b’c’ +c’a’) +

+44abc(a’ +b” +¢”)—106abc(a’b +ab® + bc+bc’ +c®a+ca®) +

+114abc(a’h? +a’b’ +b’c? +b%*c’ +c’a’ +c’a’) -

—46abc(a’b’ +a’b* +b*c® +b’c* +c*a’ + c*a*) + 233a’b*c (a* +b* +c*) -
~186a’b’c? (a’b+ab’ +b’c+bc’ +c’a+ca’) +92a’b’c? (ab? +b’c? +c%a?) +
+80a’b’c’ (a+b+c)

n=2(a" +b” +c”)-7(a’+ab® +b°c+bc’ + c’a+ca®) +

+9(a’h? +a’b’ +b’c? +b’c’ +c’a’ +c%a’) —4(a’b’ + a’b* +b'c’ +b’c* + c*a’ +c’a’) +
+28abc(a* +b* +¢*)—25abc(a’h+ab’® +b’c+bc’ + c*a+ca) +

+8abc(a’h? +b2c? +¢%a’) +16a’b’*c* (a+b +c)

¢ =(a*+b*+c*)—(a’b+ab’ +b’c+bc’ +c’a+ca’)+abc(a+b+c)

5 =2ab+2bc+2ca-a’-b*—c’

Introduce the notations o, =a+b+c, o, =ab+bc+ca, o, =abc. The following
equalities are known from the triangle geometry
(8) 0,=2p, 0,=p +r’ +4Rr, o, =4Rrp.

Using the equalities (8) and applying some results for symmetric polynomials that are
described in [2], we obtain the following equalities by means of the program product Maple:

a’+b*+c* =07 —20,=2(p> —4Rr-r?),

a’’ +hc* +c’a’ =0’ 20,0, = p* —2r(4R—r) p> +r2 (4R +r)’,

a’b+ab’ +b’c+bc’ +c’a+ca’ =o/0, —20; —0,0, =2p* —8Rrp* —32R’r* —16Rr’ —-2r*,
a' +b* +c' = o] —40’0, + 207 +40,0,=2(p> —2rp—4Rr —r?)(p? + 2rp—4Rr —r?),

a'b’+a’b* +b'c’ +b'c’ +c'a’ +¢’a’ = 0,0, ~3070,0,~ 030, + 50,07 =
= Zp[p6 —r(14R-3r) p* +r*(16R* —4Rr +3r?) p> +r* (2R+r) (4R + r)z},

a’h’ +a’b’ +b’c’ +b’c’ +c’a’ +c¢’a’ = 5,0, - 20,0, - 30,0, +60,0,0, +30,0,—10,0; =

=2p| p*—r(14R+1) p* + 17 (48R> +20Rr —5r>) p> =3r* 2R +r)(4R+r)’ |,

a’b+ab’ +b’c+bc’ +c’a+ca’ =o,0, - 50,0, — 00, + 50,0, +90, 0,0, - 10,0, —40,0; =



Sava Grozdev, Veselin Nenkov, Tatiana Madjarova

=2p| p® —r(10R+9r) p* +r>(32R? +4Rr —5r>) p> +r* (6R+5r) (4R +T1)’ |,

a’'+b’+c' =0) -70)0, +140,0; + 70,0, - 10,0, =210} 0,0, + 10,0, + 10,0% =

=2p| p*=7r(2R+3r) p* +7r> (16R* + 20Rr +5¢r>) p> = 7r* QR+ 1) (4R +1)’ |,

a’b’ +b’c’ +c¢’a’ = o) —50,0,0, + 507 0; +50,0; 50,0, =

= p"—5r(4R-r) p* +10r>(8R> —4Rr +r>) p® +10r°p* +5r* (4R+r)’ p>+r° (4R +r1)’,
a’h* +a'b® +b°c* +bc® +c’a* +c'a’ =

=o0.0, —40,0,0,+20,0; 20, +80,0.0, - 90,0, +20,0; =

=2p" —2r(20R—-3r) p* +4r* (44R*> —8Rr ++r2) p® —4r’* (8R*—r2)(4R—r1) p* +
+2r*(8R* +8Rr =3r*)(4R+r)’ p> =2r* (4R +1)’,

a’b’+a’d’ +b’c’ +b’c’ +c’a’ +c’a’ =o)o) 30 0,0, 4070, +120,0;0, +
+30)0; + 20, —20,0,0, - 240/ 0,0 +60.0. +110,0; =

=2p" —2r(20R+3r) p* +28r>(8R> +4Rr —r?) p® —4r* (96R> + 7r*) p* -
—2r*(32R* +32Rr +3r)(4R+r)’ p* +2r° (4R +1)’,

a’b* +a’b® +b’c* +b’c’ +c*a’ +c’a’ = olo; —20/0, — 600, +120. 0,0, +
+90!0) —120]050, -130,0; — 20, —80,0,0, + 280, 0,0, + 0,0, —100,0; =
=2p" =2r(20R+13r) p* +4r* (88Rr + 84R> —7r?) p® —

—4r*(352R* +360R’r + 60Rr> —7r*) p* + 2r* (88R* + 72Rr +13r? ) (4R +r1)” p* —
—2r° (4R +1)’,

a’b+ab’ +b’c+bc’ +c’a+ca’ =o', —80'0; —0/0, +200, 0, +150, 0,0, —
~160}c; — 460,050, 10,0 +20; +3l0,0,0, + 330, 0,0, —15050; —10,0; =
=2p" —2r(16R+27r) p* +4r>(76R* + 98Rr + 21r?) p° —

—4r* (160R® +40R*r —=70Rr> —21r*) p* —=2r* (56R* +92Rr + 27r*) (4R + 1)’ p* +
2 (4R+1)’°,

a’ +b" +c" =0 -100}0, +350 07 +100, o, — 500, 03 — 600, 0,0, + 250,75 +
+1000; 050, + 250, 03 — 20, — 400,050, — 600, 0,0; +15050; +100,0; =

=2p" —-10r (4R +9r) p* +140r* (2R +3r)(2R+r) p° —

—20r° (160R’ + 280R?r +140Rr? +21r*) p* +10r* (40R? + 40Rr +9r>) (4R +1)* p* —

2r° (4R +r)’.
Substitute the above equalities in the expressions &, 7, ¢ and 0 in
corresponding places. Then

£ =256r"p>[ 12Rrp> + (9R* —24Rr +4r>) (4R + 1) |,
n=128Rr*p[3(4R-r) p> = (6R-5r)(4R+1)" |,
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£ =—64R’r*[3p? —(4R+1)" ],

S=40,—0c. =4r(4R+r).

From here and the dependence

165 16p’r’

(-a+b+c)(a-b+c)(a+b-c)= = =8r’p
a+b+c 2p
we conclude the expression for F :
F =256pr*(R—2r)* (4R +r)".
. . . . , (R=2r)r* |
Further, substitute the expressions F and & in (7) obtaining PG =——5—, 1€
(4R+r)
_(R-20)r
4R+T1
This ends the proof of the theorem.
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